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I. INTRODUCTION AND SUMMARY 

A. PurDose and Technical Obiectives 
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The ultimate objective of our effort on gravitational mass 
sensors  is the development of a small, lightweight, rugged sensor 
to  be used on lunar orbi ters  to measure the mass  distribution of the 
moon and on deep space probes to measure the mass of the asteroids. 
The basic concepts, the theoretical limitations, and the possible 
applications have been investigated and a r e  discussed in Section II. 

The purpose of the present research program is 

1. To develop and refine experimental techniques for 
the measurement  of gravitational and inertial  fields, 
using rotating elastic systems. 

2. To develop a more  complete understanding of these 
types of sensors  so that accurate predictions of 
sensor behavior can be made which a r e  based on 
practical  system configurations and measured device 
s ens i tivity . 

B. Summary of Problem Areas 

The major problem a r e a  can be summarized in one word - 
noise. This noise includes background clutter due to external forces 
and masses  other than the one under investigation, external e lectr ical  
noise and mechanical vibrations, and internal thermal  and electronic 
noise in the sensor and amplifiers. The force of gravitational a t t rac-  
tion is very weak, even for  large masses ,  and every effort must  be 
made in sensor design and operation to develop and utilize discrimina- 
tion techniques that will allow the weak gravitational signal t o  be picked 
out f rom the background clutter and noise. 

The problems of background clutter a r e  nearly independent of 
the particular sensor design. It is felt that the techniques discussed 
in Section If- D- 2, Background Rejection, will  suffice for elimination 
of this source of noise. 

The problems of externally and internally generated electr ical  
and mechanical noise have been overcome in previous work on non- 
rotating gravitational sensors  (see Section 11-D- l) ,  and the experience 
gained during this work will  aid in the investigation of the very similar 
problems in rotating sensors.  It is  expected that each sensor design 
will have i ts  own versions of these problems and that a major  portion 
of the experimental work will be spent in  locating and eliminating o r  
discriminating against these sources of extraneous noise. 

1 



One minor problem a r e a  which will require special attention in 
the theoretical portion of the program is the instability and c ross -  
coupling effects that a r e  common to mechanically rotated systems. 
Typical examples a r e  given in the Appendix. These problems can be 
avoided by proper choice of sensor configuration and sensor  opera- 
tion based on a thorough theoretical analysis and preliminary experi- 
mental studies of each proposed design before extensive experimental 
work i s  done. 

C. Summary of General Approach 

The program has started with parallel  efforts consisting of 
detailed theoretical study and preliminary experimental work. The 
various possible sensor  configurations a r e  being investigated theo- 
retically to determine their  suitability a s  m a s s  sensors  under the 
assumed operating conditions. Various combinations of promising 
sensor  designs and sensor support and drive mechanisms a r e  being 
constructed and will be operated to verify qualitatively the sensor  
characterist ics,  develop signal readout techniques, and search  for 
unexpected sources of instabilities and noise. No  attempt will be 
made to look for gravitational interactions at this stage. 

After the preliminary work, one of the sensor configurations 
will be chosen a s  the basis  for a feasibility model, and a carefully de- 
signed version will be constructed. The remainder  of the program will 
be expended in studying the feasibility model both experimentally and 
theoretically, locating and eliminating the sources of extraneous noise, 
and determining the sensitivity to gravitational fields. The program 
objective i s  a sensor that will detect the presence of a small ,  nearby 
moving mass through gravitational interactions. 

D. Summarv of Work to Date 

The work on this program began when the completed contract 
was received on 26 October 1964. 
Forward on the gravitational m a s s  sensor1 which analyzed a two mass, 
one spring, radially vibrating sensor was reanalyzed by C. Bell, who 
found a numerical e r r o r  in the original analysis. The only effect was 
to increase the theoretical sensitivity by a factor of 4 / 3 .  
analyzed a three m a s s ,  two spring, radially vibrating sensor  s t ructure  
(see Appendix). 
s t ructures  generally a r e  incapable of measuring the gravitational force 
gradient because the sensor  will fly apar t  a t  the necessary rotation 
speeds; therefore, this c lass  of sensor  will be limited in use  to mea- 
suring the higher order  gradients. A theoretical study of a t ransversely 
vibrating cruciform sensor  structure,  which does not have this problem, 
was started. 

The original paper by Robert L. 

Bell then 

This analysis indicates that radially vibrating sensor  
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R. Morris  developed a preamplifier circuit  using two field effect 

The circuit  has a gain of 120, an 
t rans is tors  and one ordinary t ransis tor  (a  total of 16 components) for 
boostirig the s t ra in  transducer output. 
input impedance of 2.5 MS2, and an equivalent input noise of l e s s  than 
0 . 2  pV in a 57% pass  band at 190 cps. 

A n  a i r  bearing supported motor is being fabricated by S. D. Howe 
of the Research and Development Division in Culver City. 
expected on 19 February 1965. 

Delivery is 

A magnetic suspension and drive of the Beams type is being 
fabricated by W. H. Dancy of the University of Virginia. Delivery 
is expected in May 1965. 

A cruciform sensor head, with associated vacuum chamber de- 
signed by C. Bell, was fabricated €or tes t  purposes. The sensor head 
has four a r m s  that vibrate tangentially to the direction of rotation. 
Figs.  3 and 4. The a r m s  a r e  about 1 .5  in. long, 0.75 in. wide, and 
0 050 in. thick, with a 0.75 in. cube a t  the end for extra  mass .  The 
i ,ser-al l  diameter i s  about 4 . 5  in. The sensor  alone has  a clean reso- 
nance a t  190 cps with a Q of 170 in air. The four s t ra in  t ransducers ,  
one on 
character is t ic  of 3 ,  5 x l o 5  V/unit strain. 
ber ,  which will be rotated with the sensor  head, is 5.5 in. in diameter 
and 1 .5  in. thick. 
mechanical ball bearings. 

See 

each a r m ,  a r e  matched to within 1 dB and have a voltage-strain 
The associated vacuum cham- 

This is rotated in  an external f r ame  and supported by 

Readout f rom the rotating sensor  chamber i s  accomplished with 
standard slip rings. 
readout which involves inductive coupling between a static coil and a 
rotating coil containing a f e r r i t e  rod. 

R. Morr i s  has designed an alternative method of 

With the cruciform sensor head installed in its vacuum chamber 
and the chamber suspended from a wire ,  the Q of the sensor was found 
to be about 300; three resonances separated by about two cycles were 
found, however.' These disappeared when the chamber was firmly 
clamped in a vise. 
the chamber through the fair ly  stiff supporting rod. 
ious ways to  eliminate this problem a r e  under way. 

The effect results because the sensor  i s  coupled to 
Studies of the var-  

The sensor  and vacuum chamber were then placed in the f rame 
and the sensor  rotated up t o  speed (6000 rpm) to  check i ts  g ros s  charac- 
te r i s t ics  in a rotating system, and to study readout techniques. The s l ip  
rings a r e  working quite well at  these speeds, and the only effect of the 
rotation on the sensor  seems to  be to  shift the resonance frequency f rom 
190 to  200 cps. As expected, the vibrational noise due to the mechanical 
bearings was too large (20 m V )  to allow us  to  observe any gravitational 
interactions with this unit. 
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a. THEORY O F  GRAVITATIONAL GRADIENT SENSORS 

A. Introduction 

In order  to measure  the mass of an object a t  a when 
both the object and the sensor a r e  in f ree  fa l l ,  and in order  to  determine 
the attitude of a s acecraf t  in orbit around the ear th  without using ex- 
ternal  referents,  .p-ia i t  is  necessary to develop force measuring instru- 
inents that will allow u s  to distinguish between the effects of gravitational 
forces  and i ne r t id  reacticn forces. -4t first glance it m-ight be assumed 
tha t  Einstein's principle of equivalence might preclude such a differen- 
tiztion, since basicaliy it s ta tes  that there  is no way to distinguish 
between a gravitational field and an accelerated reference frame.  Now- 
ever,  the principle of equivalence i s  valid only for uniform gravitational 
fields o r  an infinitesimal region of the reference frame. l9  The principle 
of equivalence can be applied over a larger  region only when the gravi- 
tational field is uniform over that region. In reality, however, the 
gravitational field of a mass  i s  far from uniform. Real gravitational 
fields have gradients in their  vector field patterns. Thus, gradient 
sensors  such a s  differential accelerometers can distinguish between 
real  gravitational fields and inertial effects due to  accelerated reference 
f rame s . 

I 
I 
I 
I 
I 
I 

F o r  almost all r ea l  situations, however, the problem is not one 
of a fundamental nature; ra ther ,  it is a pract ical  one of measuring the 
very weak gravitational force field in  the presence of the much la rger  
iner t ia l  force fields. In order  to do this,  i t  is  necessary to develop a 
c l a s s  of sensors  capable of using the differences between gravitational 
and inertial  forces in such a way that they ignore the large inertial  fields 
and respond only to the gravitational field. 

A detailed analysis of this problem has been car r ied  out, and i s  
presented a s  an Attachment to this report .  
gravitational effects from the inertial effects i s  accomplished by using 
the physical fact that the various force fields differ in their  gradient 
o r  tensor  character is t ics  and the mathematical fact that a tensor of nth 
rank, when examined in the rotating reference f rame of a sensor ,  will 
be found to produce time-varying signals that a r e  a t  n t imes the rota- 
tional frequency of the sensor. Because of the detailed analysis in the 
Attachment only a short  summary of the theory will be presented here.  

The separation of the 
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B. Characterist ics of Gravitational and Inertial  Fields 

1.  Inertial Fields 

When a nongravitational force F acts  on a vehicle with 
mass m, it causes a l inear acceleration. The l inear acceleration of 
the vehicle creates in the f rame of reference of the vehicle a uniform 
inertial  field which has purely vector properties and no spatial  gradients: 

F 
af - m 

- - 

If the vehicle using the sensor  i s  rotating at  a ra te  R , the 
rotation sets up a cylindrically symmetr ic  iner t ia l  field which increases  
with increasing distance r f rom the axis of rotation. 

a r 

This field has a uniform grad 

= S Z  2 r . 

ent in the plane of rotat 

2 r = R  
r 

but no higher o rde r  gradients. 

2. Gravitational Fields 

on 

( 3 )  

When a gravitational field of a m a s s  M at a distance R 
acts  on a vehicle, it se t s  up a spherically symmetr ic  acceleration field 

which has  not only a f i r s t  o rder  gradient 
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but a lso an unlimited number of higher order  gradients 

3. Differentiation of Gravitational and Inertial Fields 

As is shown in the previous sections and in the Attach- 
ment, gravitationai and iner t ia l  effects have different tensor charac- 
ter is t ics .  The inertial  field created by acceleration is a uniform 
vector field and has  no gradients, while the inertial  field created by 
rotation has a uniform cylindrically symmetric tensor gradient but 
none of higher order.  The gravitational field created by a m a s s  is 
highly nonuniform, with essentially no limit to  the number of higher 
order  gradients. These differences make it theoretically possible to 
measure  independently gravitation, rotation, and acceleration effects; 
to  do so, some form of differential force sensor with tensor response 
character is t ics  must  be used. 

7-18 The differential force sensors  discussed in the l i terature  
usually consist of spaced pa i r s  of low level accelerometers  with opposed 
outputs. 
of only one par t  in lo5,  and the outputs of two accelerometers  cannot be 
matched to even this degree of accuracy. 
to  make differential force sensors whose outputs could be combined to  
cancel out the acceleration t e rms  in order  to  obtain the rotation and 
g r avitati on te r ms . 

However, a very good accelerometer is capable of a linearity 

Thus, it has  not been possible 

1-6,13,17 The most promising technique i s  a dynamic one. BY 
rotation of specially de signed differential force sensors ,  the static 
spatial variations of the fields can be transformed into temporal varia- 
tions in the sensor. 
various inertial  and gravitational effects come out a t  different f r e q ~ e n c i e s . ~ ,  

Because of the rotational properties of tensors ,  the 

The basic concept is that forces a r e  vectors  (tensors of f i r s t  rank), 

In general ,  the components of a tensor 
the gradients of forces  a r e  tensors of second rank, and higher order  
gradients are higher rank tensors. 
of nth rank, when examined in the rotating reference frame of a sensor ,  
will be found to  have time-varying coefficients that a r e  at n t imes the 
rotational frequency of the sensor. 3 

7 



C. Rotating Gravitational Gradient Sensors 

As was pointed out in the previous section, the gravitational 
field of a mass  creates  a pattern of tensions and compressions in 
space which differs  f rom that of the inertial  fields due to rotations 
or  external forces .  We propose to develop sensors  that t ransform 
these different spatial patterns into different frequency components. 

The basic gravitational sensor  configuration being studied a t  
consists of a mass-spr ing system with one or m o r e  vibra- 

The system i s  rotated at some subharmonic of the tional modes. 
vibrational mode. If a nonuniform gravitational field i s  present,  the 
differential  forces  on the sensor  resulting from the gradients of the 
gravitational field will excite the vibrational modes of the sensor  
structure.  In the schematic of F ig .  1 ,  the gradient of the gravitational 
field excites vibrations at twice the rotation f r e  uency of the sensor .  
Similar devices have been proposed by Diesel, 12* 17 Kalmus,20 and 
Fitzgerald,", 22 although only the device proposed by Diesel was de- 
signed to measure the gradient of the force ra ther  than the gravitational 
force itself, The other proposed devices 2 0 - 2 2  a r e  s imilar  in construc- 
lion to  the Hughes sensors ,  but in operation a r e  more  s imilar  to the 
weak spring type of static accelerometer  or gravimeter .  
of device, the system i s  rotated at i ts  "cri t ical  speed" so  that the 
restoring forces of the spring a r e  exactly counterbalanced by centri-  
fugal forces,  
gravitationally induced force or  any other force will cause a large dis- 
placement. The Hughes sensors  a r e  operated below the "crit ical  speed. ' I  
The difference between the two types of devices is i l lustrated by the dis- 
cussions of Den H a r t 0 g . ~ 3  

In this c lass  

The system is then in unstable equilibrium and a small  

The basic concept behind the operation of these sensors  i s  an  
old one in the field of electronics, the concept of chopping. 
used extensively in  dc amplifiers, where the low level dc signal is  
chopped, transformed into an ac signal, and then amplified and mea- 
sured by phase sensitive detectors. In the gravitational sensors ,  the 
chopping of the static gravitational field i s  accomplished by physically 
rotating the sensor  so  that its response to the gravitational field var ies  
with time. 

This i s  

The  conversion of a static gravitational interaction into a dynamic 
gravitational interaction occurs because the rotation of the sensor  c rea tes  
a rotating reference system. F r o m  the viewpoint of the sensor ,  the m a s s  
to  be measured i s  somehow whirling around the sensor ,  attracting it 
f i r s t  one way and then the other. 

If the sensor  has  resonant electromechanical modes,  these t ime 
varying forces will build up vibrations in the modes. The resulting 
vibrations are no different f rom those set  up by any other force. 
theoretical  and experimental methods of studying and measuring the 
vibrations are well known in the field of mechanics. 

The 
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Fig .  1 .  Response of rotating gradient sensor to gravity 
gradients. 
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The sensor configurations that have been identified fall into 
four general c lasses  (see Fig. 2). 
the rotational axis and vibrates perpendicular to the rotational axis 
(Fig. 2 ( a ) )  and three have their  effective length rotated in the plane 
at right angles to the rotational axis, with their  vibrations either 
radially in the rotational plane (Fig. 2(b)), tangentially in the rotation- 
a l  plane ( F i g .  2(c)), o r  at a right angle to the rotational plane (Fig. 2(d)). 

One has  i t s  effective length along 

The case of Fig. 2(a) i s  common in the field of mechanics where 
it i s  known that a problem of gravitationally driven vibration exists 
when a drive shaft i s  rotated at one-half i t s  natural  vibrational f re -  
q u e n ~ y . ~ ~  
a r e  not a problem, but the desired result. The case of Fig. 2(a) is 
sensitive to torsional gradients effective along the rotational axis. 

For our application, these gravitationally induced vibrations 

The case of Fig. 2(b) has  the character is t ic  that it should 
measure  the difference between the radial  gradients in the plane of 
rotation. A careful analysis (see Appendix) showed, however, that 
because the same spring is  used to generate the centripetal  force and 
the vibrational restoring force,  i f  we attempt to design the sensor  to 
detect the gravitational force gradient of an object, the spring will not 
have enough strength t o  r e s i s t  the centrifugal force. The sensor can 
be used to measure the higher order  gradients, however. 

The case of Fig. 2(c) has  been analyzed by V. C h o b ~ t o v . ~ ~  
Here again, the gravitationally induced vibrations were considered a 
problem. 
torsional gradients in the plane of rotation. 

This type of sensor  measures  the difference between the 

The case of Fig. 2(d) has  the character is t ics  that i t  will measure  
the difference between the torsional gradients perpendicular to the plane 
of rotation. The coupling of the centrifugal force to the vibrational sys-  
tem i s  much weaker in this case since a vibrational response does not 
change the angular momentum about the rotational axis. 

The most promising sensor  configuration is that shown in Fig. 3 .  
It is  a variation of type 2(c) and consists of four m a s s e s  on the end of 
four transversely vibrating a rms .  
causes differential torques on the arms. 
direction of the applied differential torque var ies  a t  a frequency which 
is twice the rotation frequency of the sensor ,  and a phase which is 
related to the direction to the exciting m a s s  (see F i g .  4). 

The gradient of the gravitational field 
As the sensor  rotates,  the 

Further  investigations of this and other sensor  configurations 
will continue. 
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Fig. 3. Cruciform mass  sensor. 
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D. Discussion of Noise 

1. Thermal  Noise 

The fundamental sensitivity of any sensor  is deter-  
mined by the thermal  noise limitation. In practice,  this limit can 
never be reached, but many systems can approach it very closely. 
This i s  especially t rue  of low frequency devices, since the electronics 
available in this region has  been highly developed and will contribute 
only a few degrees of extra  equivalent noise temperature  to the physi- 
cal  temperature of the sensor.  

Because this basic limit is dependent upon energy considera- 
tions, i t s  calculation depends only upon very general  parameters  of 
the sensor ,  such a s  its temperature,  m a s s ,  effective length, and t ime 
of integration. The resul ts  can then be applied to all sensors ,  regard- 
less  of their  detailed design. The basic  formula s ta tes  that the signal- 
to-noise ratio is given by the ratio of the signal energy stored in the 
sensor to the thermal energy (kT) present in the sensor. In a dynamic 
case,  the signal energy is stored partly in the kinetic energy and partly 
in the potential energy of the spring. 

(7)  
1 ‘ 2  1 2  

S = K E t P E = - m t  2 t TK5 

where we assume that the amplitude of the spring extension due to the 
signal forces is given by 1 

GM sinwt 3 R w  
ti, = E o  sin ut 

Since the spring constant, mass ,  and frequency a r e  related by 
K = m w2, the average s tored signal energy is  just  

2 2  2 
= m w  E o  sin wt . 1 2 2  1 2 = m w f  2 2  s = - m ( w  f )  t T ( m w  2 

( 9 )  

2 Since the average value of sin wt = 1/2, we see that the signal-to- 
noise ratio is 

2 2  
S m w  5, - - 

2 kT 
- _  
N 
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or  the amplitude necessary for  a specified signal-to-noise ratio i s  given 
by 

This equation, combined with (8)’ yields the minimum gradient that can 
be measured for a thermally limited sensor:  

where S/N is the desired signal-to-noise ratio; T ,  m, and 1 a r e  the 
temperature,  mass ,  and length, respectively, of the sensor;  M is the 
m a s s  of the object a t  distance R; and T is the integration time. 

The major problem to  be faced in the design, construction, and 
operation of the proposed gravitational mass  sensors  is the identifica- 
tion and elimination of external and internal sources  of electronic and 
mechanical noise so that the sensor is limited only by thermal  fluctuations. 

Fortunately, the principal investigator has faced these problems 
previously during the process  of construction and operation of a detector 
for gravitational radiation. 
a t  the University of Maryland under the direction of Professor  Joseph 
Weber. 26-28 The detector, a nonrotating version of the proposed sensors ,  
uses  the longitudinal vibrations in a large aluminum rod to  detect t ime 
varying gravitational fields. 
piezoelectric s t ra in  t ransducers  placed a t  the points of maximum strain. 
The detector and i ts  associated electronics were potentially sensitive to  
acoustic, seismic,  and electromagnetic noise sources,  but by proper 
design of acoustic f i l ters  and electromagnetic shielding and the use of 
noise discrimination techniques, the thermal  noise in the vibrational 
mode could be seen. The thermal noise limit for  this detector was much 
lower than that of the proposed sensors because of the much la rger  mass 
used for  the detector, so  that the gravitational mass sensors  will need 
p r op or  ti onat e ly 1 e s s shielding . 

This work was done as par t  of a Ph. D. thesis  

The vibrations in the rod a r e  sensed by 

2. Back e round Rei e c tion 

One difficulty in using these devices will be the spurious 
background signals generated by masses  other than the one under investi- 
gation. This wi l l  not always be a problem since the sensors  measure  the 
various gradients of the gravitational field and a r e  much more  sensitive 
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a t  c lose range. If the exact position of the object is known, phase co- 
herent detection and correlation between two dif'f'crent sonsors  could 
be used to discriminate against the backgroLind clutter. Also, p;Lrfial 
dj scrirnination can be obtained by orienting the sensor rotation per- 
pendicular to the disturbing mass .  

The most important technique for eliminating the background 
clutter f rom a l l  the other disturbing m a s s e s  such a s  the sun and the 
using vehicle itself is  to  operate the sensor  in the mode in which i t  
responds preferentially to moving objects. 
the rotational angular frequency slightly below (or above) the proper  
€1- eq u en cy for vi b rational r e s on ai 1 c e ,  

'This i s  done by adjusting 

V 
w f r f = - < -  

r 2Tr 2 

At this rotational rate,  a l l  the disturbing masses  will be inducing 
vibrational forces a t  twice the rotational frequency and if the vibra- 
tional mode h a s  a high Q, 
bandwidth of the vibrational mode and i t  will not be excited. 

these forces will lie outside the acceptance 

If we now operate the sensor  s o  that there  i s  a constant relative 
vclocity v between it and the object to be measured, the changing line 
of sight is found to be equivalent to a relative increase in angular rota- 
tion. (See Figs. 5 and 6 . )  

Thus the detector i s  rotating with respect to  the moving object a t  the 
p rope r  angular ra te  to excite the vibrations in the bending modes, but 
a l l  other inputs a r e  off resonance. 

A technique very s imilar  to this w i l l  be valuable for laboratory 
testing purposes. 
angle to the local vertical  
A m a s s  quadrupole tes t  m a s s  can then be suspended f rom above and 
spun with its rotational ra te  and direction chosen s o  that the combined 
rotations bring the driving forces into resonance with the vibrational 
mode. 

The sensor to be tested can be rotated at  a right 
a t  a rotational ra te  that is off resonance. 

In reality, of course,  the discrimination obtained by this tech- 
nique is  only relative, and a very strong disturbing signal can s t i l l  be 
seen even after the discrimination i s  effected. 
relative motion between the sensor  and the object to be measured,  the 

However, if  there  is 
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Fig. 5. Relative angular rotation due to relative velocity. 
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Fig. 6. Response of vibrational m o d e  to driv- 
ing forces f rom various sources.  
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excitation frequency will be different f rom that of the background clutter,  
and the signal from the object being measured can be detected by the 
beat notes that it causes. This can be i l lustrated by Fig. 7 ,  which shows 
the response of an electromechanical analog of a sensor. 
analog was driven off resonance by a very strong but stable clutter sig- 
nal. 
swept signal that was 1000 t imes weaker. 
analog was then detected and the beat note of about 0.8 cps between the 
strong clutter signal and the stored energy f rom the simulated flyby was 
plotted. 
fa l l  t ime of 3 .  0 sec is the decay time of the vibrational mode. 
passes  show that the effect is repeatable, and other experiments showed 
the expected one-to-one relation between signal strength and beat note 
amplitude. 

The sensor 

A simulated flyby was then made with a frequency and amplitude 
The output of the sensor 

The r i s e  t ime of 1. 5 s e c  is the duration of the flyby and the 
The two 

There a r e  various ways of using the proposed sensors  to obtain 
fur ther  information o r  better discrimination. Fo r  example, the gravita- 
tional field pattern var ies  nonuniformly from one measurement point to  
another, and a s e r i e s  of measurements at  different distances f rom a 
m a s s  would allow verification of the range and an  unambiguous identifi- 
cation of the gravitationally induced signal. In addition, the pr imary  
axes of the gravitational s t r e s s  pattern a r e  oriented with respect  to  the 
line of sight to the m a s s  being investigated, and i f  the sensor and the 
m a s s  are in relative motion, the changing line of sight will cause phase 
shifts in  the sensor  output. 

If an object (e. g. , the moon) has a complex m a s s  distribution, 
i ts  gravitational field will have higher order  multipole t e r m s  that will 
vary with relative orientation of the object and the sensor.  If the sen- 
s o r  i s  in orbit around the mass ,  these higher order  multipole t e r m s  will 
also show up a s  different frequency components, with each order  at  a 
different multiple of the orbital frequency. 

3.  Mechanical Noise 

Since the proposed sensors  consist  
resonant mass -  spring systems,  they a r e  potentially susceptible to  
mechanical noise with frequency components a t  the frequency of 
resonance of the sensor. 
could presumably be present  a r e  acoustic noise coupling to the sensor 
through the air, vibrational noise f rom the bearings o r  drive coupling 
through the sensor  support, and inertial noise due to  poor balance in 
the sensor  support or accelerations and rotations of the vehicle contain- 
ing the sensor.  

of mechanically 

The various types of mechanical noise that 

In theory, these sources  of mechanical noise (except the inertial  
noise due to  certain types of rotation of the using vehicle) should not 
affect the operation of the sensor ,  since they do not excite the proper  
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iiiode oi oscillation. l h i s  is  most easily seen Ly refereiice to  fs’ig. 8, 
v.liich s l iows  the i-espoise 01 ;I cruciform sensor. This applies to  all 
s enso r s  since iii general  the mechanical noises a r c  forces ,  forces  a r e  
vcctar quantities or  f i r s t  rank tensors,  and the sensors  are designed 
to sense only second rank tensors (see Attachment). 

In pract ice ,  however, these mechanical noises do couple into 
the sensor and out through the electronics because of asymmetr ies  or  
nonlinearities in the various mechanical and electr ical  components. 
Thus, the mechanical noise problem is a second order  one. However, 
the gravitational interaction which we a r e  seeking is very weak, and a 
secoiid order sensor coupling to  mechanical noise can easily hide the 
gravitational signal if the noise sources a r e  not carefully eliminated. 

To eliminate the acoustic coupling, the sensor will be operated 
in a vacuum chamber. 
Mary land 26-28  has shown that a pressure  of a few microns i s  suffi- 
cient for decoupling any acoustic noise. 

Previous experience a t  the University of 

The vibrational noise from the bearings and drive and the 
iner t ia l  noise due to unbalance of the rotating systems,  which couple 
to the sensor  through the sensor  support, a r e  major  problem a r e a s  
that a r e  being investigated in  the experimental portion of the program. 
The investigation to eliminate this type of noise has  just  begun, and will 
be our major  concern during the next quarter .  
ings and dr ives  a r e  being purchased, and their noise character is t ics  
will be determined by test. 
in an effort to find one which t ransmits  the low frequency torques and 
forces  needed for  rotation and suppcrt, but does not t ransmit  the high 
frequency torques and vibrations that wil l  excite the sensor resonance. 

Various different bear-  

V a r i o u s  sensor  supports wi l l  be investigated 

There i s  no way, even in theory ( see  Attachment), to eliminate 
the coupling of the sensor to  the inertial noise caused by precession of 
a siiigle sensor  by an external torque. This wi l l  not affect the present  
r e sea rch  program and should not affect any possible applications, since 
the techniques discussed in Section 11-D-2 a r e  applicable to this type of 
noise. 

E. Applications 

Although the ultimate configuration of a spaceborne gravitational 
mass  sensor  will be strongly affected by the resul ts  obtained in the re -  
search and development phases, the general  character is t ics  such 2 s  the 
mass and size can be estimated now. 
1/4 lb, will be  about 6 in. to  1 f t  long, and will be rotating about i ts  mid- 
point a t  a rotational speed in the neighborhood of 6000 rpm (100 cps). 
package containing the rotating sensor and the electronics wi l l  be a flat  
cylinder about 1 ft in diameter and 2 in. thick, and will weight about 5 
to 10 lb. 

The sensor  proper  will weigh about 

The 
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inertial sources.  
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The initial applications of a gravitational mass  sensor will be 
to measure  the masses  of the asteroids and the variations in the gravi- 
tational field of the moon. However, since the devices respond in 
different ways t o  inertial and gravitational forces ,  they could a l so  be 
used as sensors  for  active attitude control a s  proposed in Refs. 7-18. 

1. Asteroid Mass Measurement 

The investigation of the asteroid belt will be pr imari ly  
directed t ~ w a r d  deterw-inizg the srimi- 6 *** ef the astercids.  
parameter  in this determination is a measurement  of their  density. 
Measurement of the volume can be obtained from photographs during 
a flyby, and the development of a sensor  to measure  the m a s s  during 
a flyby will relieve the necessity for matching orbits with an asteroid 
in order  to  determine its mass.  

An izr;portant 

To determine the ultimate limit on this type of application, we 
shall  assume a thermally limited gravitational mass  sensor  detecting 
the gravitational force gradient of the asteroid. The usual thermally 
limited equation f rom (12) is 

s (1 5) 
GM = (S/N)'/' (2kT/m) 1 /2 

R3 

where S/N is the desired signal-to-noise ratio; T, m, and P a r e  
the temperature,  mass ,  and length of the sensor;  M i s  the m a s s  of 
the asteroid; and T i s  the integration time. The integration time, 
however, is not completely independent of the range, since in a flyby 
the effective integration t ime must be  less  than the t ime of effective 
interaction of the sensor  and asteroid. 

2R 
T < -  

V 

where v is the velocity of the probe and R is the m i s s  distance o r  
effective range. 
operating parameters  is given by 

Using (16), our maximum range for a given se t  of 
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If we assume a room temperature  sensor  of effective mass 100 g 
(1/4 lb) and effective length of 1 ft on a probe with a relative veloctiy 
of 10 km/sec, the range in  me te r s  for  a 10  to  1 signal-to-noise ra t io  i s  

where M is in kilograms. Estimates f o r  the number of asteroids-of 
each m a s s  range are  available in Allen's Astrophysical Quantities, '9 
Data f rom these tables a r e  summarized in Table I. 

TABLE I 

Asteroid Measurement Range for Small Flyby Sensor 

Number of 
Asteroids 

6 

25 

80 

200 

5 00 

1250 

Radius , 
km 

140 

70 

44 

28 

18 

11 

Mass ,  
kg 

1 9  5 x  10 

18 

18 

17 

17 

16  

6 x 10 

1.5 x 10  

4 x  10 

1 x 10  

2.5 x 10 

2. Gravitv Survev of Moon 

Measurement 
Range, km 

15000 

5 000 

2500 

1300 

66 0 

330 

Integration 
Time 

T = 2 R / v  s e c  
(v = 10 ktn S C C )  

3000 
(- 1 hour) 

1000 

500 

260 

130 

66 
(- 1 min) 

A detailed gravity survey of the moon will te l l  us a 
g rea t  deal about its past  history and internal structure.  A surface 
survey with gravimeters  is  obviously time consuming, and a survey 
using the variations in the orbital parameters  of a lunar satellite will 
smooth out localized features.  
gradient sensors will r ead  out the gravity difference directly, and thus 

The proposed gravitational force 
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the geodetic information will  be available in real  time. 
tional force gradient of the moon is 1.7 x 
the same as  that of the earth. 
of a body, the gradient is proportional to the density. ) The magnitude 
of the variations in this gradient due to the higher harmonics of the 
mass distribution of the moon a r e  also expected to be as  large or 
l a rger  than those of the ear th  since the moon’s lower gravity allows 
la rger  mass  imbalances to exist. The la rges t  effects will  occur for 
density variations on the moon’s surface that have an effective radius 
equal to  or grea ter  than the altitude of the lunar orbiter. 
“n d t i t ~ ~ d e  of 5@ km, Qbjectc wit5 characteristic dirr-ensiozs 50 km- 
will  create  gravitational gradients of the order  of 1 0-7 to 10-f sec-2. 
This is a variation of a few percent in the basic gradient of the moon 
and should be easily measured by a sensor  in a lunar orbiter,  since 
the thermal noise limit is over 30 dB down. 

The gravita- 
sec-2,  which is about 

(For measurements near  the surface 

If we assume 

Using ( 8 ) ,  we see  that a gravitational gradient anomaly 
r = GAM/R3 at the sensor wi l l  cause s t ra ins  in the sensor  of 

GM T 7 
E X 3 . Z  - sin w t  = - sin w t  . I R 3 w  w 

3 
If we assume that the sensor resonant frequency is 160 cps (w = 10 ) and 
the integration time is T = 10 sec,  a qravitational gradient anomaly of 
10-8 s e c a 2  will cause a s t ra in  of 10- in./in. The s t ra in  transducers 
used on the sensor have a “gauge factor” of about 105 volts per unit 
s t ra in  (V/in. /in. ), so that the electrical  signal due to the anomaly wil l  
be about 10 pV. 
sured with conventional electronic circuits.  

Since it is a narrow-band signal, this is easily mea- 
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111. EXPERIMENTAL PROGRAM 

A. Sensor Design 

Because theoretical analysis ill , l e  A c e ,  dix has  shown that 
there  would be limitations on the use  af radial  type mass sensor  de- 
sign and because design pro5lems of a radial  type sup_2ort s t ructure  
were  quite comjiex, it was decided t o  t r y  a cantilever type sensor  
design (see Fig. 3)  for  our preliminaAry studies of sensor  support 
and drive mechanisms. Four  a rms  were  chosen in order to  coiJntcr- 
Lalance the rotational torques which a r e  produced by the interaction 
between the sensor  and the sensed mass .  These torques will cause 
angular accelerations a t  twice the rotation frequencjr for a two arm 
sensor ,  and four t imes the rotation frequency in a four a r m  sensor ,  
etc. Each cantilever beam was designed for  a natural  frequency of 
195 cps. Upon receipt of the sensor,  Sarium titanate s t ra in  t rans-  
ducers  were  mounted on each of the four a r m s  and the natural f re-  
quency and Q of the system were checked both in a solid mounting 
in a vise and suspended freely by a wire. 
natural  frequency (190. 8 cps)  and one value of Q (" 173). 

In each case  there was one 

The sensor  w a s  then mounted in a vacuum chamber (not 
evacuated) ( see  Fig. 9). 
and again tested. 
in the range of 185 to  190 cps. The magnitude, frequency, and num- 
be r  of these resonant peaks differed, depending on which arm or  a r m s  
were excited, and which a r m  o r  a r m s  were used for  readout. 

This system was suspended f rom a wire  
This time multiple natural  frequencies occurred 

Evacuation of the chamber did not seem to change the multiple 
peak problem, but the Q of the system rose  to a3out 300. The chamber 
was then clamped in a vise and retested, and the multiple peaks were 
replaced by a single resonance at 189.5 cps. 

This implies that the sensor torques a r e  coupling t o  the vacuum 
chamber through the support rod, 
the vacuum chamber h a s  a m a s s  comparable to the sensor mass ,  a 
number of new modes of osciliation a r e  possible at ~ requenc ie s  near  
the design frequency. However, a preliminary analysis did not confirm 
this hypothesis. A m o r e  detailed analysis is under way, and the sensor  
support rod is being redesigned to  lower the coupling of the sensoi  t o  the 
chamber. 

One hypothesis indicates that since 

The sensor  and vacuum chamber were  then placed in  the frame 
(Fig. 10) and driven by a i r  p ressure  to a rotational speed of about 6000 
rpm (100 cps). 
at this speed was 
noise f rom the ball bearings. 

The unfiltered, unamplified output of the sensor  a::m 
100 mV; this w a s  entirely a result  of the vibrational 

The frequency of this resonance was 
260 cps. 
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Fig. 9. Cruciform gravitational mass sensor. I 
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F i g .  10. Ball bearing motor mount and fram le with rotor s t ructure .  29 



The vacuum chamber sensor combination (rotor)  was then 
dynamically balanced to a center of m a s s  location of within 5 pin. 
of the center of rotation. 
the above mentioned 200 cps bearing noise down to approximately 
20 mV.  Further investigations a r e  being conducted t o  determine 
ways of reducing the noise st i l l  further. 

This balancing brought the magnitude of 

The commercially purchased slip rings a r e  working quite 
well a t  these speeds and voltage levels, 

B. Sensor Drive and Support 

As w a s  pointed out in Section 11-D-3, a major  problem a r e a  
i s  the vibrational and inertial  noise introduced by the driving mech- 
anism which rotates the sensor  and the vibrational noise introduced 
by the supporting bearings. 
quality ball bearings and, a s  expected, these have a grea t  deal of 
noise at multiples of the rotation frequency. 
air bearings and magnetic bearings being fabricated for  the program 
will have substantially less  noise. 

Our f i r s t  model uses  standard high 

It is expected that the 

1. A i r  Bearing Support and Drive 

A low noise a i r  bearing support assembly i s  being 
built by the Electromechanical Department under the direction of 
S .  D. Howe. 

The device features a hollow central  post with a i r  channels, 
a concentric synchronous motor stator,  and an enclosure for the 
rotating mass sensor/vacuum chamber. 
by a cylinder which fi ts  over the central  post. 
the rotor of the synchronous motor (see Fig., 11). 

The chamber i s  supported 
The cylinder i s  a lso 

Signals from the m a s s  sensor  a r e  retrieved through slip rings 
a t  the top of the sensor  chamber. 

2, Magnetic Suspension Support and Drive 

One of the most  promising bearings being investigated in 
t e r m s  of noise f ree  operation i s  a Beams type magnetic suspension. A 
large number of these have been constructed by Prof.  J. W. Beams and 
his colleagues.atthe University of Virginia for  various purposes, includ- 
ing a suspension capable of levitating and driving 20 lb ultracentrifuge 
rotors. 
frequency vibrational noise in their  suspensions. 

T o  date they have not been able to find any evidence of high 
Their magnetically 
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supported ultracentrifuges a r e  quiet enough to accomplish equilib- 
r ium sedimentation analyses on high molecular weight compounds30 
that a r e  not possible with previously available flexible shaft ul t ra-  
centrifuges because of the vibrational noise generated in their  support 
structure.  

Magnetic suspensions a r e  not available commercially,  but 
W. H. Dancy of the Instrument Development Group of the Research 
Laboratories for  the Engineering Sciences a t  the University of 
Virginia has  agreed to construct a unit for us  with the following 
characterist ics.  

1. A main supporting solenoid coil capable of magneti- 
cally supporting fe r rous  bodies weighing in excess of 5 lb will be 
fabricated. The solenoid will be constructed in severa l  sections so 
that adequate cooling of the coil assembly may be assured. 

2. A gas-tight la teral  damping assembly will be fitted to 
the supporting solenoid to facilitate possible operation of the support 
system in conjunction with a vacuum chamber. 

3. A two-phase electric motor will be provided to acceler-  
It is anticipated that the motor will be wound ate the suspended rotor.  

in a four pole configuration. 
motor a t  the top of the rotor. 
the motor will be placed a t  the bottom of the rotor  and a 3-in. -diameter  
access  hole w i l l  be  provided in  the center  of the assembly. 

An attempt will be made to operate the 
Should this configuration be unstable, 

4. All electronic components and power supplies required 
for stable operation of the magnetic support sys tem will be furnished. 
The design of the magnetic support system will, in general, follow the 
design that is discussed in  "The Application of High Rotational Speed 
Techniques to the Study of the Adhesion of Electrodeposits, W i l l i a m  
H. Dancy, Jr .  ASTIA 363-396L. 

5. A two-phase power amplifier and the related power sup- 
plies having the capability of accelerating the rotor up to angular speeds 
of at least  1000 revolutions/sec when the rotor  i s  operated in an  en- 
closed chamber maintained at  a p re s su re  l e s s  than 50 m T o r r  will be  
supplied. Higher chamber p re s su res  may be used at lower angular speeds. 

6. 
signal that is proportional to the angular speed of the rotor  will be 
provided. 

A photoelectric pickup capable of providing an electrical  
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The complete support system and drive assembly will be 
assembled and tested in the laboratories of the Research Laboratories 
for  the Engineering Sciences. 
furnish the rotor  for this test. 
magnetic support assembly will be packed for shipment to  the Hughes 
Re s e a r  c h Labor a t  or  ie s . 

Hughes Research Laboratories will 
Following these tes ts ,  the complete 

C. Electronics 

The general  electronic circuit for the m a s s  sensor  is shown in 
Flg. i2.  The parai ie i  connection of four s t ra in  t ransducers  (Guiton 
SC-2) serves  two purposes: 
the preamplifier by 4, and it  cancels output of vibrational modes other 
than the desired one. 

It reduces the source impedance seen by 

The output of the s t ra in  transducers (1 to  100 pV at 190 cps) is 
amplified by a low noise preamplifier (Fig. 13) to  a level of 1. 5 to  
150 mV. 
chambe r. 

The preamplifier i s  mounted in the rotating sensor  vacuum 

Power for  the preamplifier and the preamplifier output a r e  
presently retrieved from the sensor via slip rings. 
the mechanical and electrical  noise produced by the slip rings will 
require their  replacement by more sophisticated means,  but the sensor  
support and rotation system has not been refined to the point where sl ip 
ring noise may be seen yet. If the sl ip rings a r e  too noisy, the battery 
may be mounted inboard and the signal retrieved through a t ransformer  
with a rotary primary. Some preliminary investigation along this line 
has indicated i ts  practicality. 

It is possible that 

The preamplifier output in  the frequency region desired i s  next 
amplified to a level of approximately 1 V by a band-pass amplifier such 
as  the GR 1232-A and fed to  a lock-in amplifier (or phase sensitive 
detector) such a s  the Princeton Applied Research JB-4. 

The sensor  is rotated a t  a synchronous speed (6000 rpm)  by an 
oscil lator- amplifier-motor system. 
phase reference for  the lock-in amplifier. 

The oscil lator a lso supples the 

The output of the amplifier is a dc level proportional to  the 
amplitude of the sensor  output at  the frequency and phase selected by 
the oscil lator and lock-in amplifier. 
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Iv. CONCLUSIONS 

We have shown analytically that radially vibrating s t ructures  
(Fig. 2(b)) a r e  not suitable for  use as gravitational mass  sensors  
because of a mechanical instability at a rotation frequency of one- 
half the vibrational frequency. 

We have shown experimentally that transversely vibrating 
s t ructures  (Fig. 2(c)) are stable under rotations at one-half their 
vibration frequency and therefore have the basic s t ructural  irLtegrityy 
necessary for their  use a s  sensors. 

Because we have a sensor s t ructure  that can be rotated at  
the necessary rotational speeds, there does not seem to be any other 
b a r r i e r  to the construction of a gravitational mass  sensor, except 
for the recognized major  problem a r e a  of bearing and drive noise. 
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V. RECOMMENDATIONS 

It i s  recommended that the following investigations be con- 
tinued: 

1. Experimental investigation of noise in bearings and 
drive s 

2. Experimental and analytical investigation of the 
multimode oscillations of a transversely vibrating 
cruciform sensor s t ructure  and the effects of 
varying the coupling to external s t ructures  

3. Preliminary studies of 

a. Other sensor s t ructures  (e. g., axially 
vibrating cruciform rather than transversely 
vibrating cruciform) 

b. Other modes of operation (e. g., electrical  
resonance rather than mechanical resonance) 

C. Other methods of readout (e. g., t ransformer 
coupling rather than slip rings) 

d. Other types of bearings (e. g., journal bearings). 
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APPENDIX - THEORY O F  RADIALLY VIBRATING GRAVITATIONAL 
MASS SENSORS 

A system such a s  that shown in Fig. A-1 i s  assumed fo r  the 
calculations of the operation of a freely falling radially vibrating gravi- 
tational mass  sensor.  M1 
and M2 connected by mass l e s s  springs to  a central  mass  M3. The 
sensor  is rotating in f ree  fall near an object with mass M4. The springs 
have an initial length of I,; under the centrifugal force caused by the 
sensor  rotation they experience an  extension ea. The sensor  system 
then oscillates about this extended position with amplitude fa(t). 

The sensor consists of two equai m a s s e s  

In the analysis, we will assume the following: 

1. The sensor  masses  a r e  constrained to  vibrate only 
in the radial  direction. 

2. The radial  vibrations E a  a r e  small compared with 
the length .Po and the centrifugal extensions ea, and 
their  effect on the gravitational interaction of the 
sensor  masses  with the detected m a s s  i s  negligible. 

3 .  The self gravitation of the three sensor m a s s e s  is 
negligible compared with the centrifugal force. 

4. In contrast  to previous analyses, 13, 17* 25 we will not 
assume that the rotational frequency i s  constant, but 
instead wi l l  assume that the angular momentum of the 
total system, including the object being measured,  
remains constant. 

Under these assumptions, the equations of motion of the four 
masses  a r e  written. 
lated into a useful form in polar coordinates. 
motion and another equation expressing the conservation of angular 
momentum a r e  then solved t o  obtain a pair of equations describing the 
radial  vibrations of each spring. These equations a r e  examined to 
determine the response of the sensor to  the gravitational gradients 
produced by the m a s s  M4. 

These equations a r e  then combined and manipu- 
These equations of 

It shall be assumed f i r s t  that the central  m a s s  of the sensor  
is equal to the outer sensor masses;  variations in the relative mag- 
nitude of this m a s s  will then be discussed. 

The equations of motion of the m a s s e s  shown in Fig. A-1 a r e  
a s  follows: 
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For Mass  4 

GM4M1 x4 - x1 GM4M2 x4 - x 2  GM4 M3 x4 - x3 
- -  M G  - - 

R14 ( ~ 2 4  ) R24 (R34)2 R34 
4 4 - -  

( ~ 1 4 ) '  

(A- 1 ) 

For Mass  1 

x3 - x1 .. GM1 M4 x4 - x1 
- 

-t T 1 3  r 1 3  ( ~ 1 4 ) ~  R1 4 
M1 x1 - 

For Mass  2 

x3 - x2 GM2M4 x4 - x2 
M2X2 = 

i ~ 2 4  R24 ' T23  r23 
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F o r  Mass  3 

x3 - x1 x3 - x2 GM4 M3 x4 - x3 

13 - T23 1; 23 - T13 r 
- 

R43 M3X3 - 2 
(R43) 

(A-7)  

- GM4 M3 Y4 - Y3 y3 - y1 y3 - y2 
- T13 r13  - T23 r23  R43 

M3Y3 - 

(A-8)  

where 

We will assume initially that the three sensor  m a s s e s  a r e  equal 

and the two springs a r e  identical so  that 

k l  = k2 = k 

e = e  = e  1 2 

In addition, the m a s s  being measured is  assumed la rger  than the sensor  

M4 = M >> 3m . 
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Subtracting (A-7) f rom (A- 3) an3 (A-5), and similarly (A-8) f rom 
(A-4) and (A-6), and using the above siin:;ifi,za:ians, we ,>.- -a:-. 
equations expressing the relative motion of the sensor  masses: 

T23 x3 - x2 *4 - x1 ;:i4;:] + -  2T13 x3 - x1 t -  
.. .. 

'23 m r l  3 x1 - x3 = G M [  - m 

(A-9) 

T13 x 3 - x 1  t -  .. -. x4 - x2 x3 - x2 x2 - x3 = GM 
r l  3 m r23 I m 

(A- 10) 

- 
T23 '3 - ' 2  t -  2T13 '3 - y1 + -  

'23 m r13 m 
.. .. 

= GM y1 - y3 

(A-11) 

T13 y3 - y l  t -  
-. .. rY4 - Y 2  

r13 m '23 3 = GM i- - 
1 (R24) y2 - y3 

(A- 12) 

The gravitational terms which drive this system of equations a r e  
very small compared with the inertial terms and the spring tension terms; 
therefore,  we can assume for  the gravitational t e r m s  that 

4.5 



w f constant 

R34 = R 3 constant 

2 2 2 
R14 = R t r13 - 2 r13 R cos w t  

x 4 - x  = R -  r13 cos ut: 1 

x4 - x2 = R t r23 coswt 

x4 - x3 = R 

y4 - y1 - - - r13 sin w t  

y4 - y2 = t rZ3 sinwt 

Y4 - Y 3  = 0 

2 
This is not strictly t rue,  but the differences a r e  of order  G 
therefore  negligible. 
the other te rms ,  but instead must  use the relations 

and a r e  
W e  cannot make these kinds of assumptions for  

- - r13 cos  d (A- 13) x1 - 3 

cos 4 - 
x2 - 3 - - r23 (A-15) 
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. (A- 17) 

.. . I  1. 

Y1 - Y3 = r13 s in  t ( 2 ~ ~ ~ 3  t r13J) cos d - r13 6’ sin 

(A- 18) 

s in  d (A-19) - 
y3 - ’2 - ‘23 

1. .. .. .. - sin 6 - (2 ;23~  + r134) cos b + r13 J~ sin 4 Y2 - Y3 - - =23 

(A-20) 

(The equations (A-14), (A-16), (A-18), and (A-20) a r e  co r rec t  and there- 
fore  the res t  of the analysis will differ f rom the similar but s impler  
analysis in Ref. 1, which contains an e r r o r  of 2 in its corresponding 
eqs. (25) and (27).)  

If we multiply (A- 9) and (A- 1 0 ) d  by cos and add them to  
(A-11) and (A-12), respectively, multiplied by s in  b and then make 
the above substitutions into the various t e r m s  and simplify, we ob- 
tain equations representing the radial motion of the spring mass systems 
of the sensor driven by the gravitational force terms:  

(A- 21) 

(A-22) 

If we then expand the denominator in the gravitational driving 
t e r m s  and keep the la rges t  factors  of ( r /R)  for each. term in cos nut 
we obtain 
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2T13 - T23 
F , ~  - r13J2  + rn 

(A- 23) 

in a s imilar  manner,  

2T23 - T13 
i23 - r23J2 + rn 

= - 9, [- ; t a ( g ) c o s w t  - 2 3 c o s 2 w t  t * l 5  (2) c o s  3 w t  - (I+), cos  . 

(A- 24) 

The usual analysis then proceeds with the assumption that the 2 angular velocity of the sensor i s  a constant and se t s  J2 = w . However, 
we have found that i f  we assume that the total angular momentum of both 
the sensor and the object under measurement remains constant, the con- 
servation of angular momentum principle (acting through the centrifugal 
force t e r m  (- r 6')) leads to  a modification of the effective spring con- 
stant and to  additional driving t e r m s  of the same order  of magnitude a s  
the obvious gravitational terms.  
expression for  - r  6', 
momentum 

Therefore,  in order  to obtain a cor rec t  
we s t a r t  f rom the law of conservation of angular 

(A- 25) 2 Ang. Momentum = Z m. ci X Pi) = 2ml w ; 
1 

2 t ~ ( x j r  - y & )  = 2ml w . 4 4 4  4 4  

F o r  this part of the problem i t  can be assumed that r13 = r 2 3  = r ;  
then 
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x = x3 t r c o s  4 
- r c o s  6 x2 - x3 

1 
- 

- y1 - y3 t r s in  

y2 = y3 - r s i n 6  

. + ;cos d - r s i n b  4 x1 = x3 
- - cos 4 + r s in  d B x2 - x3 

71 - - 9, + f. s i n d  t r cos  d 6 

q2 - - t3 - sin b - r cos d % . 
F r o m  the center of mass location 

M4x4 + m ( x  + x 2 t x )  = 0 , 1 3 

but 

3 x1 t xz = 2x 

(A- 26) 

(A-27) 

- 3M .. x4 - - - m x3 

Similarly, 

- 3M 
Y 4 - - -  m Y3 

- 3M 
x 4 - - -  m '3 

- 3M 
Y 4 - - -  m Y 3  

49 



Substituting all this into (A- 25) and expanding and collecting t e rms ,  we 
obtain an expression for the instantaneous angular velocity of the sensor:  

(A- 28) 

Equation (A-28) shows that the angular velocity 6 of the sensor is a func- 
tion of the motion of the object being measured. 
rotating mass  quadrupole ra ther  than a simple gravitating body, we find 
that the sensor and the m a s s  under measurement  do not fall smoothly 
toward each other, Superimposed on the expected radial  acceleration is 
an oscillating radial  motion as well a s  an oscillating t ransverse  motion. 
This can be shown by taking the equations of motion for the mass 
(eqs. (A- 1 )  and (A- 2) ) ,  expanding the denominators of the gravitational 
t e r m s ,  collecting t e r m s  of the same frequency, dropping the higher 
order  t e rms ,  and substituting for  higher powers of cos nut to  obtain 

Since the sensor  is a 

M4 

' \ 4  
cos 4wt ; 

35 / r  1 

2 
cos 2wt  - 9 r  Gm 3 t -  

x 4 =  - -  2 'i~Z , R2 

.. 

(A-29) 

in  a s imilar  manner, 

4 135 2 \$) sin4wti . y 4  .. - - - Gm 1- 3 ( G )  sin 2wt - 
R 

(A- 30) 

These expressions may be integrated directly if we assume that R, r,  
and w a r e  constant, the initial velocity of the m a s s  M4 is zero,  and 
that the initial position is given by 

3mR 
x4(0) = M t 3m 
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When we ca r ry  out the integration and examine the angular momentum 
of the mass  M4, we find that 

(A-31) 
2 

because all  other t e rms  a r e  of the order  G and a r e  negligible. 

Substitutin (A- 31) into (A-28) and solving for the instantaneous 
angular velocity $, we obtain 

2 
cos 20t + 35 - GMP cos4wt . (A-32) 3 GM 

-7 
r oR 

2 
5 - 1  - 2 w  4- 5 UR 

We may now use this equation t o  obtain the desired centrifugal force t e r m  

(A-33)  

where in the gravitational t e rms  we have assumed r P and have dropped 
all other t e rms  in  G2 or  G f .  We now see that the centrifugal t e rm is 
not constant, but contains gravitationally driven ac components that a r e  
of the same order  of magnitude as  the gravitational t e rms  in (A-23)  and 
(A- 24).  

We now use the fact that the radial  extension of each spring con- 
sists of an initial length 
the centrifugal force e and a time varying vibration e,, e. g., 

l o  and extension due to  the dc component of 

r 13 = I  0 + e  + e 1  = I  f 5, a (A- 34) 

and the tension in  the spring contains not only the reaction to  the exten- 
sion of the spring, but also dissipation, e.g., 

(A-35)  
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Using (A-33), (A-34), and (A-35) in (-4-23) and (A-24), we can obtain 
equations for the radial  motion of the Springs which a r e  expressed in 
t e rms  of the time varying vibrations 5 
extension e of the springs. 

and the initial centrifugal 

cos w t  9 G M P ~  - - -  
R4 

3 
cos 3wt - - - GML cos 4wt = 0 15  GML2 

32 R5 cos  2 w t  - - GMQ - 3- 
R3 8 R 4  

(A- 36) 

and 

2 
t(k e - . t  w 2 -  em2) t ~ GMQ cos wt - 3 %  cos 2wt 

m 0 R4 R3 

7 2 

t 15 G M Q ~  GMQ" cos4wt = 0 . 32 R5 7- cos 3wt - - - 
(A- 37) 

The equations a r e  valid only if  the constant t e r m s  a r e  ze ro  

(A-38) 

and this puts a condition on the strength of the spring usable in the sensor  
fo r  any given rotational frequency. As long a s  k/m is appreciably grea te r  
than w , the initial extension of the spring due to the centrifugal force is 2 

5 2  
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reasonable; i f  the sensor has a rotational speed grea te r  than the natural 
static vibrational frequency determined by the spring constant k/m = 
( 2 1 ~ f ) ~ ,  however, the extension given by (A-38) becomes infinite and the 
sensor  flies apart. 

These combined equations of motion ((A-36) and (A-37)) then 
describe the behavior of the sensor as it is driven by the various 
gravitational t e rms  at the various frequencies. 
driving force at twice the rotational frequency caused by the gravita- 
tional force gradient, we pick a spring constant so that excitations of 
the form 

If we wish to sense the 

5, = A sin 2wt  (A-39) 

5, = B sin 2wt  (A-40) 

will  predominate. 
driving t e r m  at 2 W t  will  be important, the equations of motion (A-36) 
and (A- 37)  become 

Since under these conditions only the gravitational 

(A-41) 

k 3GMl cos 2mt .. D o  ( 2  f, f - & ( 2 S 2 -  ill f ( 3 w  t 3 C 2  - me1 = - 
\ R3 

(A-42) 

where we have assumed that (A-38) holds. 
(A-40) into (A-41) and (A-42), we find that there a r e  two possible values 
€or  the spring constant that wil l  cause a resonance at the driving fre- 
quency 2w; these a r e  

If we substitute (A-39) and 

- k = a  2 (symmetric oscillation) m 

- k = - a  1 2  (antisymmetric oscillation) . m 3 
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They a r e  not a t  k /m = (20) , a s  would be expected f rom a naive 
analysis, since the centrifugal force t e r m  and conservation of momen- 
tum conditions create  an effective restoring force in addition to the 
restoring force of the spring. 

Unfortunately, however, the two allowable spring constants 
that would permit resonance at 
reference a r e  too weak to allow (A-38) to  be satisfied, and the sensor  
will fly apart. 

2w i n  a rotating sensor  f r ame  of 

If we wish to  sense the driving force at three t imes  the rotational 
frequency resulting from the gradient of the gravitational force gradient, 
we find that it is possible to  pick the spring constant as either 

- k = 2w 2 (antisymmetric) 
m 

or 

- k = 6w 2 (symmetr ic)  . 
m 

These correspond to a n  initial extension of the spring of (eq. (A-38)) 

2 P w  
- - 

k 2 - 2  e =  
- m 

and 

0 
Q 

e = T  Y 

which a r e  large but not unreasonable f o r  a coil spring. 
tational driving forces  at 3w in  (A- 36) and (A- 37) a r e  ?,tisymmetric, 
the proper choice for the spring constant is k/m = 2w . At this f re -  
quency the resonant vibrations of the springs will have the form 

Since the gravi- 

5 4  
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1 

where 

Similarly, to detect the fourth gradient of the gravitational potential 
which produces symmetr ic  driving forces  a t  4w, we choose our 
spring constant as 

0 
1 k 2 - = 1 3 0  

m e = 1 2  

and the solutions of the equations of motion a r e  

sin 4wt 35 GM13Q 5, = f, = 128 
w 2  R5 

where 

It may be noted that i f  the central  sensor m a s s  were to go to 
zero,  only symmetric response would be possible since 

E ,  E E, 

and we find that only even gradients of the gravitational potential can 
be measured with a two mass,  one spring sensor in f ree  fall. However, 
as a previous analysis has shown, the sensor cannot be used to  measure  
the second order  gradient because of the infinite extension predicted by 
(A- 38). 

If the analysis is repeated with the central  sensor mass of 
10 t imes the outer sensor masses ,  we find that for  response at ot 
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for response at  2 w t  

k 2 
m 
- = a  

w 2  
k 
m 6 
- = -  

fo r  response a t  3 w t  

k 2 - = 6~ m 

k 2 - = 5w m 

and for response at 4 wt 

- k = 1 3 0  2 
m 

It may now be seen that the response to the frequency component a t  2wt 
is controlled by w 2  = k/m, regardless  of the s ize  of the central  sensor  
m a s s ;  i f  this value of w 2  is substituted into (A-38)  the value of e be- 
comes infinite (i, e. , the spring is stretched beyond i t s  distortion point). 

Therefore the 3 w or  40 responses  must  be observed in this type 
of sensor  in order  to  obtain gravity gradient data. Thus, in general ,  i t  
does not seem possible to measure  the gravitational force gradient which 
introduces forces at 2w with a radially vibrating sensor  of this design. 
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ATTACHMZNT 

The following paper, which is tutorial  i n  nature,  presents  an  
extended discussion of the tensor properties of gravitational and inertial  
fields. I t  is a modified version of the original paper which was released 
as Hughes Research Laboratories Research Report No. 301 in March 
1964. It is planned to  publish i t  in the American Journal  of Physics. 



t The Principle of (Non)Equivalence and Its 
Application to  Gravitational and Inertial  Sensors  

Robert L. Forward 
Hughes Research Laborator ies ,  Malibu, California 

ABSTRACT 

It is often thought that the Principle of Equivalence 

used by Einstein as the start ing point for his General Theory 

of Relativity is valid under all c i rcumstances;  thus, i t  is often 

said that because of the Principle of Equivalence, there  is no 

way to  distinguish between gravitational and iner t ia l  effects. 

This paper emphasizes that the co r rec t  definition of the P r in -  

ciple of Equivalence i s  so res t r ic ted  mathematically that it 

has little relationship to the rea l  world of experimental 

physics. 

vise a n  instrument to measure  independently the effects of 

acceleration, rotation, and gravitation. 

It is  demonstrated that in  fact  it is possible to  de- 

INTRODUCTION 

The Principle of Equivalence of gravitational and inertial  forces  

was used by Einstein as a philosophical start ing point for the development 

of the General Theory of Relativity. 

of general relativity in  predicting non-Newtonian gravitational effects ,  

such as  the precession of the perihelion of Mercury, has  lead to a ten- 

dency to  elevate the Principle of Equivalence t o  the level of a physical 

The success  of the field equations 

tA portion of this work was supported by NASA Contract NASw-1035. 
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law that is valid under all circumstances,  The statement i s  sometimes heard 

that because of the Principle of Equivalence there is - no way to distinguish 

between gravitational and inertial  effects. 1 

2 
The proper definition of the Principle of Equivalence is : 

"It is always possible at  a point in space-time 

to  t ransform to a (in general  accelerated) co- 

ordinate system such that the effects of gravity 

wiii disappear over a differential region in the 

neighborhood of the point. 

This definition s ta tes  that the Principle of Equivalence is only valid 

over a differential region, 

gravitational field can be assumed to be uniform. 

valence can be applied over a la rger  region only when the gravitational 

field is uniform over that region. In reali ty,  however, the gravitational 

field of a mass is f a r  from uniform and the "uniform gravitational field" 

turns  out to  be a convenient mathematical fiction. 

This requirement is made in order  that the 

The Principle of Equi- 

Real gravitational fields have gradients in their  vector field patterns. 

Thus, gradient sensors  such a s  differential accelerometers  can distinguish 

between rea l  gravitational fields and inertial  effects due to  accelerated 

reference f rames .  As is shown in a la te r  section, i t  is even possible to  

design a sensor which can distinguish between the effects of gravitation, 

rotation, and acceleration. 3 -  i 8  

It must  be emphasized that because a gradient sensor  can detect 

the difference between gravitational and inertial  effects, this does not 

mean that the Principle of Equivalence i s  invalid. By their  very nature, 

gradient sensors  must operate over an extended region of space and thus 

they do not satisfy the assumptions of the definition of the Principle of 

Equivalence. 

2 



PRINCIPLE OF (N0N)EQUIVALENCE 

In a completely specious manner we now propose a new principle 

called the "Principle of (Non)Equivalence. I '  

"It i s  always possible at a point in  space-time to  

distinguish between a (in general  accelerated) co- 

ordinate system and the effects of gravity provided 

a large enough region is taken around the neighbor- 

hood of the point. ' '  
Of course one can think of m a s s  distributions that near ly  invalidate 

this principle; for  example, a flat disc of thickness t ,  radius €3 and den- 

sity p has a gravitational field near  the center that i s  almost completely 
19 uniform 

1 

where r << R .  

F o r  almost all rea l  experimental situations, however, the problem is 

not one of a fundamental nature; ra ther ,  it is a practical  one of meas- 

uring the very weak gravitational force field in the presence of the much 

la rger  inertial force fields. 

velop a c lass  of sensors  capable of using the differences between gravi- 

tational and inertial forces in such a way that they completely ignore the 

la rge  inertial f ields and respond only to the gravitational field. 

In order  to do this,  i t  i s  necessary to de- 

INERTIAL FIELDS 

When nongravitational fo rces  act on a vehicle, they cause both 

acceleration and rotation. 

measu re  the reaction of a m a s s  to these inertial  force fields. 

In order  to  sense  these effects, we must  
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Acceleration Inertial Field 

The l inear acceleration of a vehicle of mass  m due to an applied 

force F crea tes  a uniform inertial field in the f rame of reference of the 

vehicle which has purely vector properties and no spatial gradients (see 

Fig. I ) :  

I a. = - 
i m Fi 

1 
m - (Fx* 

The accelerating force field can be detected by any force o r  acceleration 

measuring device, such a s  an accelerometer. 

Rotation Inertial Field 

If the vehicle using the sensor is rotating, the rotation se t s  up a 

cylindrically symmetr ic  inertial  field (see Fig.  2 ) .  

a = Q2 d. = ( Q2x, Q2y. 0 )  
j J 

where Q i s  the angular velocity and d is the position vector f rom the 

axis of rotation. (For purposes of clari ty,  we have chosen the rotation 

axis along the z axis. ) This acceleration field not only has a radial  

gradient resulting from the change in  the magnitude of the acceleration 

vector with a change in  radius, but a lso a tangential gradient due to  the 

change in direction of the acceleration vector with a change in angle. 

The resultant acceleration gradient field is a tensor field and is 

unusual in that i t  is zero  in the direction of the rotation axis and has a 

value of Q2 in  the directions at right angles to the rotation axis. 

(4) 

This gradient is constant and has no higher order  gradients. 

4 
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Fig. 2. 

El 14-1 

Fig. 1 .  The uniform inertial  r e -  
action acceleration field 
created by a force on a 
body. 

BI14-2 
5Q2d 

The radially increasing, 
cylindrically symmetr ic ,  
inertial reaction accel-  
eration field created by 
a rotation of a body. 

4 
4a2d 
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GRAVITATIONAL FIELD 

In order to sense the gravitational field of an object, either the 

gravitational potential o r  one of its gradients must  be measured. 

Gravitational Potential 

According to  Newton’s l a w  of gravitation, a mass M character-  

istically se t s  up a field in the space around it,  which interacts with other 

masses .  Ir’ a smaii tes t  mass  m is placed at  a distance R from the 

f i r s t  mass ,  it is found that the system has a potential energy given by 

GMm 
R f $ = -  - 

3 2 where G = 6.67 x 10-l’  m /kg sec . 
formula applies only to  a spherically symmetr ic  mass ,  but the concept 

can be extended to  m o r e  complicated distributions of mass  by simply 

adding the contributions of each part  of the distribution. 

Strictly speaking, the above 

The gravitational potential is not directly measurable since the 

point of zero  reference can be changed arbitrari ly.  Differences in po- 

tential energy can be measured by allowing the masses  to  a t t ract  each 

other and measuring the change in kinetic energy. 

the MBssbauer effect a r e  an example of this. 

The experiments using 

Gravitational Force  

The gradient of the potential is the gravitational force field. 

Since the inertial  mass  and the gravitational mass  a re  the same for all 

bodies, the gravitational force field is equivalent to  a gravitational ac- 

c ele r ation field. 

(x, y, z) in Cartesian coordinates - GM 
3/2 

- -  
(x2 + y2 t z2) 

in  spherical coordinates. 
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This accelerating force field can be detected by any force or  acceleration 

measuring device such as  an accelerometer  or gravity me te r ,  provided the 

center of m a s s  of the sensing device and the object being investigated a r e  

not moving with respect  to  each other (see Fig .  3 ) .  

The Gravitational Fo rce  Gradient 

If the object under measurement is in f r ee  fall with respect  to the 

sensor ,  the only measurable components of the gravitational field a r e  the 

gravitational force gradients which a r e  the components of a symmetr ic  

tensor.  

The gravitational force gradient is best  known to us  as the t ides 

on the ear th  due to  the gravitational field of the sun. 

of the gravitational force due to  the sun var ies  as  the inverse square of the 

distance f rom the sun, and since the direction of the force vector var ies  

with angle, we can see f rom Fig .  4 that the gravitational force due to  the 

sun var ies  from point to  point on the earth. 

t o r s  f rom the viewpoint of the center of mass of the ear th ,  we see  that 

after subtracting out the center of mass motion, we a r e  left with a radial  

tension and tangential compression. 

effects of the slight angular convergence a r e  of the same order  of magnitude 

as the radial  gradient effects. 

effects must  always be included for  a co r rec t  calculation of gradients. 

Since the amplitude 

If we look at these force vec- 

It is  important t o  real ize  that the 

This will always be t rue  and the angular 

The gravitational force gradient field of a n  object can be measured  

The usual form of a gradiometer COnSiE4t8 of two accel- by a gradiometer. 

e rometers  on the ends of a rod of length I .  In this form,  the tension, 
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P a 
al8- I 

GM a = T  
R 

+a Oo 

R 
-0 180. 

Fig. 3. Accelerometer reading as a function of relative 
orientation to  attracting mass. 

11 

R 

t 1 I 

Fig .  4. Radial and azimuthal contributions to the ear th’s  
tides. 
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compression, o r  torque due to the gradient will cause the accelerometers  

to indicate an acceleration given by 

3 
a =I r . . i  
i 1~ j 

j= 1 

where we have assumed that the rod is lying in the Itj direction and the 

accelerometers a re  oriented in the *i direction (see Fig. 5). 

If we have a simple m a s s  t o  measure ,  by proper  orientation of the 

sensor  the gravitational force gradient tensor  can be simplified to 

0 

=tt 

0 

0 

0 

S t  

which consists of the radial gravitational force gradient 

GM 

R3 
r = + 2 -  r r  

and the tangential gravitational force gradient 

GM 

R3 
r = - - -  tt 

(9)  

These gradients cause tensions and compressions in a gradiometer oriented 

either radially o r  tangentially ( s e e  Figs.  5(a) and 5(b)). 

If the sensor  is located 45O to this elementary orientation, there  i s  

a torsional component 

3 GM 
xy R3 
r (b = 45O) = - 

as well as a reduced tension component. 

1 GM 

R3 
r (b = 45O) = - xx 

(See Fig. 5(c)). 

(13) 
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(a) 

a-- ,GMQ 
R3 

. * + + a  

Q A 

R 1'" 

Fig. 5. Types of gravitational gradients and sensor 
configurations. 
(b) case  showing tangential compression; (c) more  
general case showing tension and torque. 

(a) Case showing radial  tension; 
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Higher Order Gradients 

Unlike the rotational inertial  field which has  a uniform force gradient 

and therefore has no higher order  gradients, there  i s  essentially no limit to 

the number of higher gravitational gradients that can be measured,  provided 

the sensor i s  close enough and the object under investigation i s  massive 

enough that the interaction overcomes the sensor  noise. These higher order  

gradients are complicated tensors  of high rank, and sophisticated techniques 

and sensors  may be able to obtain a great  deal of information f rom them. 

Basically, they have the form: 

DIFFERENTIAL INERTIAL SENSOR 

In order  to demonstrate a portion of the Principle of (Non)Equivalence, 

le t  us  design a device that can distinguish between the effects of a generalized 

acceleration and a generalized rotation. Once we have shown that the inertial  

fields can be separated in the general case,  we can justify the use  of more  

simplified forms of iner t ia l  fields in  analyses that contain the gravitational 

fields. 

a1 inertial  field does not, a differential accelerometer should be able to dis- 

tinguish between the effects of rotation and acceleration. To be able to 

detect all the components of the rotation and acceleration we need three 

se t s  of orthogonally oriented differential accelerometers  (see Fig.  6). Each 

accelerometer will respond to the component of the acceleration force along 

i ts  active axis and to  the combined centrifugal force due to  the rotations 

about the two axes orthogonal to its active axis. 

then give us  six different readings 

Since the rotational inertial  field has  a gradient and the acceleration- 

The six accelerometers  
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Fig. 6 .  Differential inertial sensor. 
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X 
F 

a - -  x1- m 

X 
F 

a - -  x2 - m 

- Y F (“t t nf)l a -  Yl m 

F 
a = -  + @; t n;)1 

z l  m 

It is fairly obvious that the three components of the accelerating force can 

be obtained by subtracting the outputs of the accelerometer  pa i r s  

i 2  a - a  Fi - i l  
m 2 

- -  

where i = 1, 2, 3 .  

It is not so obvious, but st i l l  true,  that the magnitude of the three components 

of the rotation at any instant a r e  given by a combination of the sums of the 

outputs of the accelerometer pairs :  

where i, j ,  k = 1, 2, 3 -3,  1, 2 . 
Thus, three se t s  of orthogonally oriented differential accelerometers  

can be used to distinguish acceleration f rom rotation. 

pr is ing since a blindfolded person is also capable of the same distinction. 

(He i s  a lso capable of telling the rotation sense since his inner canal utilizes 

the Coriolis effect. ) 

This is not so sur -  

But we know that a blindfolded person is not capable of 

c 
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distinguishing between an accelerated reference f rame and a gravitational 

field. 

due t o  acceleration, rotation and gravitation? 

Can we design an instrument that can measure  separately the forces  

DIFFERENTIAL GRAVITATIONAL SENSOR 

It has long been known in  the published literature3-18that a differ- 

ential force measuring device can be used to distinguish between gravita- 

tional and inertial  effects. These devices are usable in f r ee  f a l l  and can 

determine, without outside reference, whether they a r e  in f r ee  f a l l  in deep 

space or in  orbit around a planet. If they a r e  in orbit, they can a lso  deter- 

mine the plane of the orbit, the direction of the local vertical  with respect to  

the planet, and, i f  the planet (and its mass) a r e  known, the radial distance t o  

the planet. 

W e  demonstrate the general concept with a simplified, two-dimen- 

sional version of the differential iner t ia l  sensor in Fig.  6. 
two orthogonal pa i r s  of differential accelerometers,  and, to keep the analysis 

simple, we a l s o  assume that the gravitating mass, the accelerating force F, 

and the plane of the sensor rotation 52 a r e  all in the plane of the acceler-  

ometers  (see Fig. 7). 

This uses  only 

The acceleration experienced by the four accelerometers  is given by 

GM F 
a - - - + n21 t 

(R +- x l  m 

X 
F 

a -  = - - +  

2 2 where p 2  = (R t 1 ) 

14 
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F i g .  7. Differential gravitational sensor .  
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4 

If we expand the gravit tional terms into the gravita 

and the gravitational gradient component we obtain 

+ ... GM 2gm1 
f 

X + n21 + - - 
+ a 2 1  - - -  

- a =  
R2 R3 x l  m 

+ . * .  a = - -  GM 2GM1 
F 

R2 R3 x2 m 

... a = - f i _ + n 2 m +  GMZ + 

R3 Y2 m 

ional force component 

If we add the two pa i rs ,  we obtain the total of the two gradient fields, the 

rotational field, and the gravitational field. 

2 4GM1 - 
R3 

axl + ax2 = 25;2 i - 

Note that whereas the rotational gradient causes a tension in  both pa i r s ,  

the gravitational gradient causes a tension in one pa i r  and a compression 

in the other. We can therefore obtain the gravitational gradient t e r m  by 

subtracting the two sums: 

and the rotational gradient t e r m  by adding 

6Q 2 1 = 2 ( a  t a ) + (axl + ax,) . 
Yl Y 2  

16 



In a similar manner, by taking the difference between the acce lerometers ,  

we can obtain the forces  on the sensor ,  including the component of force 

needed in the x direction to prevent acceleration of the center of mass of 

the sensor in the gravitational force field (GM/R2). 

were  no such support force, the sensor  would be in f r ee  fall, the center  of 

mass would move with the acceleration a = GM/R2, and the accelerations 

read  by the x-direction accelerometers  would not contain the GM/R2 

Of course,  i f  there  

t e rms .  

We have 

accelerometers 

and gravitation. 

because none of 

demonstrated the known fact that all types of differential 

a r e  capable of distinguishing between acceleration, rotation, 

However, the problem has always been an academic one, 

the differential accelerometers  produced to date have the 

physical ability t o  measure  the very weak gravitational gradient forces  in  

the presence of the unavoidable and much l a rge r  acceleration and rotation 

forces.  A very good accelerometer is only capable of a l inearity of one 

pa r t  in 10 , and two accelerometers  cannot be matched in output t o  any- 

where near  this degree of accuracy. 

make differential accelerometers  whose outputs could be added to cancel 

out the force te rms  in  order  to obtain the rotation and gravitation t e r m s .  

5 

Thus, it has  not been possible to 

We propose a new type of differential accelerometer ,  based on the 

rotational properties of tensors ,  which is able to respond only to  the gradi- 

ents of a force field and which can completely ignore a l inear  acceleration. 

ROTATIONAL PROPERTIES O F  TENSORS 

A scalar is a tensor  of zero  rank. At any given point in space it 

can be expressed by a single number which is independent of the coordinate 

system in which it is measured. 

A = a .  (31) 

A sca la r  can exhibit t ime varying propert ies  by changing its magnitude 

with time. 

A = a( t )  . (32)  

17 
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A vector is a tensor f f i rs t  rank. At any given point in space i 

can be expressed by three numbers which a r e  i ts  components along the 

axes of some coordinate system defined at  that point. 

A vector cannot only change its magnitude with time, but it a lso can change 

its direction by rotation. 

mat r ix  of second rank. 

z axis at the angular ra te  w, the effect of the rotation = wt at any t ime 

t is given by 

The rotation is expressed mathematically by a 

For  example, i f  the vector is rotating about the 

(34) 

cos w t  s in w t  

wt cos w t  0 
1J 

If a vector is originally lying along the x axis of a coordinate system 

and either the coordinate system or  the vector is 

z axis,  the components of the vector expressed in  t e r m s  of the coordinate 

axes a r e  given by 

rotating about the 

Notice that the new representation of the vector has  sinusoidally t ime- 

varying components with a frequency that i s  equal to the relative rotation 

of the vector and the coordinate system. 

What is usually called a tensor is actually a tensor of second rank, 

At any given point in space it can be expressed by nine numbers which a r e  

dependent upon the coordinate system in which they a r e  defined: 

/ a l l  a12 a13\ 



I 

I 
A tensor cannot only change its magnitude with t ime,  but it can also change 

its direction by rotation. The rotation of a tensor  is  handled mathematically 

by the formula 
3 3  =E 'ai 'bj Ai,j 

i=1 j = 1  
(37)  I 

F o r  a general tensor  subjected t o  a rotation about the z axis, the 

form of the rotated tensor is a fair ly  complicated one. 

cos  w t t a  sinwt 2 2 cos w t -  a s in  ut 

t(a22-all)sinwt cos  ut 

a13 23 
2 2 

t (a l2  t aZ1) sinwt cos ut 

/ a l l c o s  u t t a  22 sin w t  a12 21 

I 

a 2  3c os ut - a s in  w t  2 2 2 2 aZ2cos ottall  s i n  ut A -1 a cos ut-a sin ut ab 2 1  12 

t (aZZ- a1 l)s in  ut cos  ut -(a 12 +a 21 )sinwtcoswt 

a32cos &-ag l s in  wt 
33  / a 

(38) 

Because of the double application of the rotation ma t r ix  we now have pro-  

ducts of s in  w t  and cos w t  in some of the components of the rotated tensor.  

It is well known that these can be reduced to combinations of constant 

t e r m s  and te rms  in cos  2wt and s in  2wt. Thus, in  general, a rotating 

tensor of second rank has sinusoidally t ime-varying components which 

have a frequency twice the relative rotational frequency of the tensor  and 

the coordinate system, 

I 

I The tensors of higher rank rotate by the general  rule 

3 3 3 3  
= ( 3  9) *ab. . . ef 1. '1 1 'ah 'bi e ' * 'emSfn Ahi .  . . m n  
h = l  i=l m = l  n = l  

and, in  general, a tensor of nth rank will have time-varying coefficients 

that a r e  at n t imes  the rotational frequency. 

19 
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To give some specific physical examples, le t  us assume that we 

define a coordinate system with three orthogonal pa i r s  of differential 

accelerometers.  

of a mass  M at a distance R along the x axis is given by: 

Then the force gradient due to the gravitational field 

Now, if we rotate the mass in the x-y plane around the differential acc t l -  

erometer  (to eliminate temporarily the problem of centrifugal forces) ,  the 

resulting gradient i n  the reference frame of the differential accelerometer is 

-cos 2 w t  0 . 
- 1  4 1 3 

2 2 - tf cos 2wt - - sin 2wt 

1 3  
3 3  

rkl -1 1 2 2  
0 0 i=l j=1  

(41) 

Force  gradients can thus be distinguished by their  frequency behavior in 

a rotating reference frame. The existence of the doubled frequency in  the 

components of a gradient makes sense physically, since a gradient can be 

represented by a double headed arrow; i f  it is turnedthrough 180-,  the new 

orientation is identical to the one at 0 . The gradient sensors  shown in 

Fig. 5 a l s o  have this  property. If, instead of rotating the mass ,  we had 

rotated the sensor ,  the rotation would have created the inertial  gradient 

0 

0 

R..(z) = 
1J 

In this gradient, a l l  = a22; when we substitute this back into the general 

expression ( 3 8 )  for the form of the rotated tensor ,  we find that there  a r e  

no time-varying components to the rotated tensor. 

20 
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\ o  0 0 1  

Thus, although the rotation of the sensor  about the z axis c rea tes  a force 

gradient, the gradient is constant in the x-y plane and time-varying 

components do not occur. 

rotating about its z axis can distinguish gravitational gradients from 

rotational gradients in the x-y plane by the frequency difference between 

the two gradients. 

This means that a differential accelerometer  

However, i f  the differential accelerometer  is slowly precessing 

about some other axis, e. g . ,  at a rate  Q about the y axis,  there  will 

exist a rotational gradient given by 

(44) 

This gradient does not have the degeneracy exhibited by the 

gradient due to rotation about the z axis in  that a l l  # aZ2 ,  therefore  

it will have time varying components when viewed in  the rotating ref-  

erence frame of the rotating sensor.  

The combined effects of the three gradients, one (R. .(z) ) due t o  
=J 

the sensor  rotation about the z axis at an angular velocity w, one (Rij(y)) 

y axis at an angular velocity 52, 
a distance R along the x axis is 

in the rotating reference f r ame  of 

due to the sensor precession about the 

and one (I-. .) due t o  a mass M out at 

found to have the following components 

the sensor:  

1J 
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+($ 
- (-$ + ""1 s in  2wt 

2~~ 
0 

0 

t($ -t -=)cos 2~~ 2 w t  

0 a2 GM - -  
R3 

Notice that everywhere a gravitational gradient t e r m  appears,  there  is also 

a t e rm due to the slow precession Q . 
the two effects by proper combinations of the time-varying portion of a l l  

o r  a and the static portion of a however, i t  is difficult to do so in 

pract ice  because it is necessary t o  find a small  difference between two 

large numbers. 

generate a rotational force gradient that i s  l a rger  than the ear th ' s  gradient. 

The ea r th ' s  gradient is 

It is theoretically possible to  separate 

22 33; 

A very high precession ra te  i s  not necessary in order  to 

GM 6 - 2  - = 1.5 x 10- sec  
R3 

For  a rotational gradient to have the same magnitude as the ear th ' s  

gradient, 

52 2 =1.5x10 - 6  (g>" 
Y 

a rotational rate of only 

- 3  R = 1.2 x 10 rad/sec 

(47) 

(48) 
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or  0. 012 rpm is  required. 

f rom all the rotational effects by frequency discrimination, it is therefore 

necessary to utilize the fact that there  a r e  no higher order  gradients to the 

rotational force field, whereas the gravitational force field has an unlimited 

number of higher order  gradients. 

In order  to  separate  the gravitational effects 

To measure these higher order  gradients, complicated sensors  with 

multiplicated lengths and differential pa i r s  of differential accelerometers  

should be used. However, i f  a f i r s t  order  gradient sensor  such as a differ- 

ential accelerometer with a single length is used, these higher order  gradi- 

ents show up as nonlinear perturbations in the gravitational force gradient 

field. These perturbations have periodic variations with the orientation of 

the sensor  that will allow them to be singled out. 

ROTATING NONUNIFORM GRADIENT SENSOR 

As a simplified example of a sensor  that can be used to detect 

either acceleration, rotation, o r  gravitation by frequency selection, le t  

us assume the configuration shown in Fig.  8. Here  we have an acceler-  

ometer at the end of a r,od of length I rotating around a fixed point at a 

distance r from the center  of m a s s  of the using vehicle. The rod I is 

forced to move at a constant angular velocity w. 

forces  F and has a residual inertial  rotation (<< w) about the z axis 

and a residual rotation S2 (<< w )  about the x axis. A nearby mass M 

is  in the x - y  plane at a distance R f rom the center of the sensor .  

* 
The vehicle is subject to 

z 

X 

The accelerometer will now respond to all these effects. The in- 

er t ia l  l inear acceleration reaction of the mass in the accelerometer will 

be directed opposite to the force F and will have the amplitude a = F/m, 

where m is the mass  of the using vehicle. The inertial  rotation reaction 

of the m a s s  in the accelerometer will have three  components: 

amplitude w I 

one with 
2 directed radially outward from the axis of rotation of the 

sensor ,  one with amplitude aZd- 2 = Qz 2 2  (r t I 2 t 2 r l  cos ut)'" radially 

outward f rom the z axis through the c .m.  of the vehicle, and one of 

amplitude nxI sin ut directed outward f rom the x axis. The gravitation 2 

* ++ 
An accelerometer is being used in this example for c lar i ty  of the analy- 
sis. A rea l  accelerometer would be saturated by the rotation necessary  
to accomplish the desired frequency separation. More practical  rotating 
sensors  a r e  described in Refs.  9 ,  14, 15 and 17. 
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Fig. 8. Effect of gravitational and inertial  fields on rotating sensor.  
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reaction of the mass in the accelerometer  will have the amplitude GM/p 2 

and will be in the direction of the gravitating mass .  

erometer  responds only to the components which a r e  along i ts  sensitive 

axis, and this sensitive axis is rotating due to the rotation of the rod. 

the rotation of an accelerometer  on the end of the rod not only changes the 

amplitude of the various forces  by changing the effective length of the sensor  

with t ime, but the rotation also changes the directional response of the sen- 

sor  to these time-varying amplitudes. 

However, the accel-  

Thus 

Because of all these forces the acceleration read by the accelerom- 

eter  at the end of the rod will vary with the angle of rotation in a complicated 

manner.  

2 GM cos ( w t t y - a ) t n x r  sin2ut . F 2 2 a = - cos ( w t t  p ) t  RZd cos w t +  w 1 t - 
m - 2  

(49) 
fJ 

The p r imary  effect results f rom the directional sensitivity of the acceler-  

ometer to the various accelerations,  but the effects that interest  us a r i s e  

f rom the change in the gravitational force with angle, distance, and t ime. 

If we simplify the inertial  t e r m s  and keep all the components, and expand 

the gravitational t e rm,  but keep only the highest order  t e r m s  of each fre- 

quency component, we obtain 

2 
z a = w l t  

m 2 Z GM [cos  ( u t - a )  t - - . I  - - cos (wt t p) - R r cos ut t - F 

R2 

3 1 2  GM cos 2(ut - a )  t . [z IT - -n I cos 2 w t  t - 
R2 2 x  

1 t-- [ (4) cos 3(wt - a) t . . . 2 GM 15 

R 

3 

I cos 4(u t -  a )  t . . . 
R 

+. . . .  (50) 
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(In free fall,  the odd harmonics of the gravitational interaction will drop 

out. ) 

Now, if  we design the accelerometer at the end of the rotating rod 

so that it is not highly damped, but instead is tuned to  some harmonic of 

the rotational frequency, the sensor will respond preferentially to one of 

the frequency components of (50). 
If the accelerometer were tuned to (k/m)l/’ = 3w, it would see  

only the gravitational t e r m  even in the presence of the usually much l a r g e r  

rotational and acceleration te rms .  If it were tuned to (k/m)’/2 = 2w, it 

would s e e  the t e rms  due to the rotations at  right angles to the z axis 

(assuming that the grvitational gradient i s  weaker. ) Other sensors  ro- 

tating about the other axes would enable all of the rotational components 

to be measured without the interference of the usually much l a rge r  force 

te rm.  If it were tuned to (k/rn)1/2 = o, i t  would see  the t e r m  due to  the 

forces  on the using vehicle (assuming that the rotational and gravitational 

effects a r e  weaker). 

enable all the components of the force vector to  be determined. 

Again, other sensors  rotating about other axes would 

S U M M A R Y  

By designing sensors  that take force measurements over an extended 

region of space i t  is possible to  measure independently the effects of accel- 

eration, rotation, and gravitation. 
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